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Let D={z€ C: |z] < 1}.

The Hardy space H? consists of all analytic
functions f on DD such that

2 do

2 :
Wil = g2up, fy () 5 <

For o > —1, the weighted Bergman space A2
consists of all analytic f on D such that

1113 = [ 17EPa+ 1)1 = 52)? dAE) < o,

where dA signifies normalized area measure on D.



All of these spaces are reproducing kernel Hilbert
spaces.

For every point A in D there is a unique K in
H? such that

(fi Kx) = f(N)
for all f in H2.

It is not difficult to show that

Furthermore, the span of the kernel functions
is dense in HZ.



Likewise, for any o« > —1, one can show that

(f, KX) = f(A)
for any f in A2 and X in D, where

1

K@) =g =0z

For this reason, we shall refer to H? as A2 .



Let o be an analytic map from D into itself.

We define the composition operator Cy, on H?
by the rule

Co(f) = foep.

Every such operator is bounded on any space
A2 for a > —1.

Moreover,

1\ > (L L]\
(1 — |90(0)|2> = ICHaz = (1 — |90(0)|>




Question: Is there any relationship between
the norm of Cy, on different spaces?

For instance, does ||C¢||1/(ﬁ+2) = ||C¢||1/(O‘+2)

In particular, does ||C(p||114/22 = ||Cyl 27

Examples:
(D e(0)=0 = |ICpllg2=1.

(2) p(z) =824+t =

) . (a+2)/2
I SOHAg — (1_H8|2_’t‘2-|-\/(1—\8\2+\t‘2)2_4|t‘2)



Nevertheless, there are examples where such
an equality does not hold.

Examples [Carswell, H 2006]:

The map
.
88—z
has the property that ||Cyl|l 42 = 7, whereas
IColl g2 > V7.

p(z) =

Likewise, for any non-univalent inner function
o with ¢(0) # 0, one can demonstrate that

1/2
IClI5 < 11C 2.



Our main result:

Theorem 1. Take 8> a > —1 and let ¢ be an
analytic self-map of D. Then

C < IC,II".
ICell a2 < 1ICeI,

whenever the quantity v = (B8 + 2)/(a+ 2) is
an integer.



Take a = —1:

Corollary 2. Let ¢ be an analytic self-map of

D. Then

2
ICell a2 < ([ ][5

whenever 3 is a non-negative integer. In par-
ticular, ||Cyll g2 < [|Cyl1%-

Take a = 0:

Corollary 3. Let ¢ be an analytic self-map of
D. Then

2)/2
[Cell 5 < Il 45T

whenever 3 is a positive even integer.



Sketch of the proof of Theorem 1:

Let o : D — D be analytic. Let {A\}>2; be a
fixed sequence of points in D with a limit point
in D.

For a positive constant v, a natural number n,
and real number o > —1, let M(v,n,a) be the
n X n matrix

2 1 "

(1 =222 (1 —oOp)e(r,))et?

1,7=1



Recall that an n x n matrix A is called positive
semidefinite if (Ac,c) > 0 for all ¢ in C™.

Proposition 4. Let ¢ be an analytic self-map
of D and v be a positive constant. Then, for
any o« > —1, the matrix M(v,n,a) is positive
semidefinite for all natural numbers n if and
only if ||C¢||Ag < v.

Hence M (||Cyl| 42,1, a) is positive semidefinite
for all n.

Our goal is to show that M(||Col)5,n,B) is
positive semidefinite for all n \7vhenever

v= (B84 2)/(a+ 2) is an integer.

10



For any two matrices A = [a; ;] and B = [b; ;],
we define the Schur product Ao B = [a; ;b; ;].

Schur Product Theorem. If A and B arenxn
positive semidefinite matrices, then their Schur
product Ao B is also positive semidefinite.

We would like to write

M(HCSOH ’I’L,ﬁ) =M(||C¢||A%,n,a)oN,

~
A2’
where N is positive semidefinite.

11



Observe that

2
10613 1

(=22 (1= oOe(A)F 2

ICe 132 .
(1=22)2F2 (1 - p()p(A)))oF2

5 (A5
=0 (1 = AR — p(N)p(A))) (@T2)(=1-k)

for all 1 <1,5 <n.

12



Question: Does Theorem 1 hold for values of

a and @ such that v = (B8+ 2)/(a+ 2) is not
an integer?

For example, could there be some ¢ such that

3/2
ICell g2 > I1CII35"7

At this point, the answer is unknown.
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A related result:

Theorem [Cowen 1992]. Take 8 > o > —1
and let ¢ : D — D. Suppose v = (B8+2)/(a+2)
is an integer. If Cy, is cosubnormal on A2, then
it is also cosubnormal on Aﬁ.

This result does not hold for intermediate spaces.
For example,

7

8—z
induces a cosubnormal composition operator
on A2, and hence on A3, but not on A%

p(z) =
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The example

7

88—z
might provide an example where Theorem 1
fails for intermediate spaces.

p(z) =

We know that [[Cyl| 42 =7 and [|Cy|| 42 = 49.
2

It is possible that [|Col 42 > 73/2
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